arXiv: 1501.04210v2 [math.AG] 20 Oct 2015 


A MEHTA-RAMANATHAN THEOREM FOR LINEAR 
SYSTEMS WITH BASEPOINTS 

PATRICK GRAF 


Abstract. Let ( X , H) be a normal complex projective polarized va¬ 
riety and S an H -semistable sheaf on X. We prove that the restric¬ 
tion Sjc to a sufficiently positive general complete intersection curve 
C C X passing through a prescribed finite set of points S C X remains 
semistable, provided that at each p G S, the variety X is smooth and 
the factors of a Jordan Holder filtration of S are locally free. As an ap¬ 
plication, we obtain a generalization of Miyaoka’s generic semipositivity 
theorem. 


1. Introduction 


In the theory of vector bundles on a normal complex projective variety X, 
the concept of (semi-)stability is of great importance. There are various 
notions of stability, e.g. slope stability and Gieseker stability. In this paper, 
unless stated otherwise we always consider slope stability. Its definition 
depends on the choice of a polarization, i.e. on the choice of an ample divisor 
H on A'. One associates to any nonzero torsion-free coherent sheaf $ its 
slope 


■= 


ci {£)-H n ~ l 
rk^ : 


where n = dim A'. The sheaf $ is then said to be R-senristable if < 

for all proper nonzero subsheaves & C £. For the notion of in¬ 
stability, one replaces “<” by “<” in the above inequality. The definition 
of Gieseker stability is similar, with slopes replaced by (reduced) Hilbert 
polynomials. 

An important technical property of semistability is its invariance under re¬ 
striction to general complete intersection curves Cel. More precisely, the 
classical theorem of Mehta and Ramanathan |MR82t Thm. 6.1] asserts that 
the restriction of an H-semistable sheaf S’ on X to a curve C C X obtained 
as the intersection C = D\ n • • • fl D n _i of general elements Di £ \rriiH\ 
remains semistable if the mt are chosen large enough. Actually, (MR.821 
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Thm. 6.1] only works if X is smooth, but a stronger version valid for arbi¬ 
trary normal varieties was obtained by Flenner [ Fle84 . Thm. 1.2]. These 
theorems sometimes allow to reduce questions about sheaves on higher- 
dimensional varieties X to the curve or surface case by a cutting-down 
procedure. 

In geometric applications, one might wish to concentrate attention near 
a prescribed (closed) point p € X, i.e. one might ask whether the restriction 
S\ c to a sufficiently positive general complete intersection curve C C X 
passing through p is semistable. This means that instead of the complete 
linear system \rriiH\, one only considers the subsystem consisting of divisors 
passing through p. The Mehta—Ramanathan theorem does not provide any 
information about this question, as a general complete intersection curve 
misses the point p. 

It is relatively easy to see that the above question has to be answered in 
the negative if p is in a “bad” position relative to the sheaf §, cf. Exam¬ 
ple [T9] below. This can happen even if S is locally free at p. The purpose of 
this paper is to show that if the point p is “in general position”, the restric¬ 
tion S\c does remain semistable. In fact, we prove a slightly more general 
statement where the single point p is replaced by an arbitrary finite subset 
S CX. 

The precise meaning of the general position condition in this context 
involves the graded object gr H (S) associated to a Jordan-Holder filtration 
of S. Recall that any torsion-free sheaf S admits a filtration 

0 = S 0 C Si C • • • C St = S 

where each quotient Qi := / S % _\ is torsion-free and H- stable, and the 
sequence of slopes ph(Qi) is decreasing. Such a filtration is called a Jordan- 
Holder filtration of S. It is not unique, however the associated graded object 
gr H (S) := ©,; =1 Qi is unique up to graded isomorphism and permutation 
of the factors. 

With this notation, our main result can be stated as follows. 

Theorem 1.1 (Mehta-Ramanathan for linear systems with basepoints). Let 
( X , H) be a normal complex projective polarized variety of dimension n > 2. 
Fix a torsion-free coherent sheaf S on X and a finite subset S C X ieg) where 
X reg is the smooth locus of X. 

If S is H-semistable and gr H (S) is locally free at each p € S, then there 
exist ko , m € N such that if k > ko and 

C = H\ fl ■ ■ ■ n H n ~ i, Hi € \kmH\, 

is a complete intersection curve general among those passing through the set 
S, then C is smooth and the restriction S\c is a semistable vector bundle. 

As a corollary, we have the following strengthening of Miyaoka’s famous 
generic semipositivity theorem |Miy87[ Cor. 8.6], relating the positivity of 
the cotangent sheaf of a normal variety X to the paucity of rational curves 
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on X. By ,Xx we mean the tangent sheaf of X, i.e. the dual of the sheaf of 
Kahler differentials ily. 

Corollary 1.2 (Generic semipositivity). Let X be a normal complex pro¬ 
jective variety of dimension n > 2 which is not uniruled. Let H be an ample 
divisor on X and S C X reg a finite set of smooth points such that gr H (^x) 
is locally free at each p £ S. Then there exist ko, m £ N such that if k > ko 
and 

C = Hi fl • • • Pi H n _ i, Hi £ \kmH\, 

is a complete intersection curve general among those passing through the set 
S, then C is smooth, contained in X reg; and is a nef vector bundle. 

We make some remarks about Theorem 11.11 and Corollary 11.21 

Remark 1.3. If gr H (S) is locally free at a point x £ X, then so is S itself. 
This follows immediately from the fact that locally near x , a Jordan-Holder 
filtration exhibits S as a successive extension of free sheaves. 

Furthermore, gr H (S) is locally free in codimension one because it is 
torsion-free. Hence the locus of points which in Theorem 11.11 are not al¬ 
lowed to be contained in S has codimension at least two. 

Remark 1.4. In Corollary 11.21 if X is in addition homogeneous, then X 
is smooth and gr H (L?x) is locally free. The reason is that g*gr H (L?x) — 
gr H {Sfx) for any g £ Aut°(X), the connected component of the identity. 
Hence S C X may be any finite subset. Note that by IBR02 , Satz I], a 
homogeneous projective manifold which is not uniruled is in fact an abelian 
variety. 

Remark 1.5. Theorem 11.11 does not yield semistability of S\c for general 
complete intersection curves S C C arising from all sufficiently high multi¬ 
ples of H. The best one can get from the proof is the following statement, 
which is however somewhat cumbersome to formulate: for all sufficiently 
large m £ N, there exists ko = k${m ), depending on m, such that S\c is 
semistable for S C C arising from \kmH\ as soon as k > ko- 

Remark 1.6. The proof of Theorem 1 1.1 1 only works over an uncountable alge¬ 
braically closed field of characteristic zero. However, as the property of being 
semistable is invariant under base field extension [HL971 Thm. 1.3.7], the 
uncountability assumption is not essential. In positive characteristic, assum¬ 
ing X is smooth we can obtain the following slightly weaker statement if we 
replace |Fle84l Thm. 1.2], which is specific to characteristic zero, by |MR82l 
Thm. 6.1]: There exist k$,m. £ N such that if k > ko and S C C C X is a 
general complete intersection of divisors in \2 k mH\ , then £’\c is semistable. 

Remark 1.7. If the set S contains a singular point p £ X sg , then no complete 
intersection curve C C X will ever be smooth at p. One might still ask 
whether the pullback of S' to the normalization C is semistable. 
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Remark 1.8. If the variety X is smooth, Theorem 11.11 follows immediately 
from a result of Langer Land 1. Cor. 5.4], In fact, in this case Langer proves 
a much stronger, effective statement. Hence the point of Theorem 11.11 really 
is that X is allowed to be singular. In the proof, we blow up only the 
prescribed finite set S C X veg , and we apply Flenner’s restriction theorem 
on the blowup BI 5 V (which is still singular if X is). If instead we had chosen 
to pass to a resolution X of X and use Langer’s result on X , the technical 
difficulties would have been the same. 

Example 1.9. If gv H {S) is not locally free at some p G S, the conclusion of 
Theorem 11.11 can easily fail. In fact, we will provide here an example of a 
smooth projective polarized surface (X,H), a Gieseker stable (hence slope 
semistable) rank 2 vector bundle S on X , and a point p G S, such that 
for any m > 0 the restriction of S to any smooth curve C G |miL| passing 
through p is not semistable. This gives another instance of the fact that 
Gieseker stability is much worse behaved than slope stability, since for a 
slope stable sheaf the restriction would remain stable. 

Take X to be a smooth projective surface of Picard number p(X) > 2 and 
with Kx numerically trivial. Pick an ample divisor H on X and a divisor 
D such that D ■ H = 0, but D is not numerically trivial. By Riemann-Roch 
and the Hodge Index Theorem, the self-intersection D 2 is even and negative. 
Replacing D by a multiple, we may assume D 2 < —4. Let p G X be any 
(reduced) point. We have H°(X, &x{Kx — D)) = 0, hence by the Serre 
correspondence 1HL97 . Thm. 5.1.1] there exists an extension 

(1.10) 0— > S’x(D) ——> J v —>-0, 

where S is a rank two vector bundle and JPp is the ideal sheaf of p G X. 

We will show that S is Gieseker stable. On the other hand, S is obvi¬ 
ously not slope stable and the filtration given by (11.1011 is a Jordan-Holder 
filtration for S, so gr H (S) = &x (D) © J? p is not locally free at p. 

Via Riemann-Roch, we may compute the reduced Hilbert polynomials 
(with respect to H ) of the sheaves appearing in ( 11 . 101 ) : 

p(0 x (D),n) = \n 2 + Q-D 2 + X(0x) \ , 

P(S p ,n) = ^n 2 + jp{~ 1 + X{#x)), 
p{S)= l -(p{&x{D))+p^ p )). 

Now let 0 yf & C S be a proper nonzero subsheaf, which we may assume 
to be saturated. Then & is invertible, say & = S’x(F). If the inclu¬ 
sion of SX factors through S’x(D), then the reduced Hilbert polynomial 
p(^) < p(&x(D)^ < p(S). Otherwise, SS injects into J^,, which means 
that H°(X,^* <S> J'p) 7^ 0. Then — F is (linearly equivalent to) a nonzero 
effective divisor, and F ■ H <0. Since ^jpr is the coefficient of the linear 
term in p(^), again we have p{&) < p{S). Hence S is Gieseker stable. 
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It remains to show the statement about the restrictions of S. For any 
m > 0, restriction of (II. 1011 to a smooth curve C € \mH\ passing through p 
yields a short exact sequence 

( 1 . 11 ) 0 —> &c{ D ) —> &\c —> ^p\ C —^ o. 

The right-hand side sheaf has torsion at p because J? v is not locally free in p, 
cf. 1 11.97. Lemma 2.1.7]. The left-hand side subsheaf is thus not saturated. 
Its saturation C S\c satisfies 

> »{0c{D)) = 0 = p(S\c), 
whence S\c is not semistable. 

Outline of proof of Theorem 11.11 The natural idea for proving Theo¬ 
rem o is to pass to the blowup /: X —> X of X in S and apply the usual 
Mehta-Ramanathan theorem there. So first we have to show that the pull¬ 
back f*S is f*H- semistable. Here we already run into a slight problem, as 
the divisor f*H is semiample, but never ample (unless S is empty). How¬ 
ever, semistability can also be defined with respect to a semiample divisor, 
even if the underlying space is not Q-factorial (see Section ED- 

Let E be the exceptional divisor of /. As is well-known, a small per¬ 
turbation of the form f*H — eE will be ample. Hence our goal is to show 
that f*S remains ( f*H — el?)-semistable for sufficiently small e > 0. We 
establish this property in two steps. First we prove that if S is iL-stable, 
then f*S is (f*H — eFi)-stable for 0 < e <C 1. This is done by analyzing 
how the slopes of subsheaves of f*S depend on e. In the second step, we 
reduce to the stable case by considering a Jordan-Holder filtration of S’. 

Once this is accomplished, we can apply the Mehta-Ramanathan theorem 
on ( X , f*H~eE). This yields a lot of (highly singular) complete intersection 
curves S C C C X such that the pullback of S\c to the normalization 
C —¥ C is semistable. We would like to infer from this that S\c itself 
is semistable. Then semistability of S\c, where C' is a general complete 
intersection curve through S, would follow by the openness of semistability in 
families ll 11.97. Prp. 2.3.1]. Here we need to consider Gieseker semistability 
on C, as it is not clear what the correct definition of slope semistability on 
a singular curve would be, and because [ HL97 , Prp. 2.3.1] is valid only for 
Gieseker semistability. 

Unfortunately, we are unable to show that semistability of v*{S\c) really 
implies semistability of S\c- The required condition on Hilbert polynomials 
is easy enough to check for locally free subsheaves & C S\c, however on a 
singular curve a saturated subsheaf of a locally free sheaf need not be locally 
free. For example, consider the nodal curve singularity C = {xy = 0}, and 
let m = (x, y) be the ideal of the singular point. This choice of generators 
yields a short exact sequence 
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Instead we use the numerical characterization of semistability, asserting 
that a degree zero vector bundle on a smooth curve is semistable if and only 
if it is nef. The notion of nefness is very well-behaved under pullbacks and 
it also satisfies a sufficient openness property in families. This enables us to 
circumvent the technical difficulties outlined above. 

Acknowledgements. I would like to thank Thomas Peternell for suggest¬ 
ing working on this topic to me. This paper has benefited from several 
discussions with him and with Matei Toma. In particular, Matei Toma 
drew my attention to the paper )Lan04] . Furthermore, I would like to thank 
the anonymous referee for helping me to improve the exposition and for 
asking me a question that led to a significant strengthening of Example 11,91 


2. Notations and conventions 

Global assumptions. We work over the field of complex numbers C. All 
sheaves are assumed to be coherent. Unless otherwise stated, divisors are 
assumed to have integer coefficients. 


Projective bundles. If S is a vector bundle on a variety X, we denote 
by 7r: P (S) —>• X the projective bundle of one-dimensional quotients of S 
and by £g € A rl (P(^))Q the (first Chern class of the) tautological quotient 
bundle ix*S -» ^p(<?)(l). 


Stability with respect to a semiample divisor. For a torsion-free sheaf 
S on a normal projective variety X, the first Chern class c\(S) is by defi¬ 
nition a Weil divisor class D on X, which will in general not be Q-Cartier. 
Nevertheless, the intersection number c\{S) • H n ~ l = D ■ FI " -1 can be de¬ 
fined for any ample (or merely semiample) divisor H, cf. [Mar81l Sec. 1]. 
Namely, after passing to a multiple of H we may assume that the linear 
system | H\ is basepoint-free. If Hi,.. ., Ff n -i €= \H\ are general elements, 
the intersection C = H\ D • • • C H n _ i C X is a smooth curve missing the 
singular locus of X. Hence D is a Cartier divisor in a neighborhood of C. 
We may thus define D ■ H 11-1 to be D ■ C. Alternatively, choose a resolution 
/ : X —> X and a (Cartier) divisor D on X with f*D = D , e.g. the strict 
transform D = f* l D. Then D ■ H n ~ l = D ■ f*H n ~ 1 . These definitions are 
independent of all the choices made. 

We can now define stability and semistability on a normal projective 
variety X with respect to a semiample divisor H. For a nonzero torsion-free 
coherent sheaf S on X, its slope with respect to H is defined by 


Hh(S) := 


ci(S) ■ H n ~ l 
rkS ' 


The sheaf S is said to be Ff-semistable if < ^h(S) for any nonzero 

subsheaf SS c S. The sheaf S is said to be FZ-stable if 
for any nonzero subsheaf & C S with rkj?" < rk S. Note that it would be 
incorrect to require strict inequality also for proper subsheaves & C S of 
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full rank. This is because there might be a nonzero effective divisor D C X 
with D ■ H n ~ l = 0. Then S(—D) C S is a full rank proper subsheaf with 
the same slope as S. Hence there would be no stable sheaves at all. 

3. Complete intersection curves through a fixed finite set 

We use the notation from Theorem o Let m be a positive integer such 
that mH is very ample. Set 

V m = {s£ H°(X, mH) | s(P) = 0 for all P € S} 

and let S m = P (V m ) be the projective space of lines in V m . If m = 
(mi,... ,m n - 1 ) is a tuple of positive integers such that each miH is very 
ample, set 5 m = S mi x • • • x S mn _ 1 and let Z m C X x 5 m be the incidence 
correspondence 

Z m = {(x, si,..., s n _i) G X x 5 m | Si(x ) = 0 for all 1 < i < n — 1}. 

We obtain a diagram 

Ixs m --5 Z m X 

f/m 

with p m and q m the projections. The fibre of q m over a point (si,..., s n -i) £ 
S m is (isomorphic to) the subscheme of X cut out by the equations si = 
— Sn —1 — O' 

Let X° cXbe the open subset of X where X is smooth and S is locally 
free. We define two subsets U' m C U m C 5m by 

Um = {s £ Sm | dim q m ] (s) = 1 and q^{s) C 1°}, 

= {s £ U m | Qm ( s ) i s smooth}. 

Proposition 3.1 (Properties of U m and U^). 

(3.1.1) The subset U m C 5m is open and dense. The morphism qm(U m ) —> 
U m is flat with connected fibres, and p^Slocally free. In 
particular, p* m Sis flat over U m - 

(3.1.2) The subset U' m C U m is open. If H mi := f*(miH ) — E is very 
ample on X for each i, then U' m is nonempty. 

Proof. For (|3.1I1I) . the set {s G | dimq I j 1 1 (s) = 1} is open by [Gro661 
Cor. 13.1.5]. The set {s € S* m | qm(s) C X°} is open since its complement 
is q m (Pm(X \ X°)), which is closed as q m is proper. Hence U m is open. If 
s £ S'm is general, then clearly dimq m 1 (s) = 1, and q^(s) C X° because 
S C X° and the complement of X° has codimension at least two in X. So 
U m is nonempty. 

It follows by the same argument as in the proof of [MR821 Prp. 1.5.i)] 
that the morphism qffl (U m ) — > U m is flat. Its fibres, being intersections of 
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ample divisors, are connected by [ Har77t Ch. Ill, Cor. 7.9]. As p m maps 
m) to X° by definition, the sheaf l° ca ^y free. 

Concerning (13.1121) . the set U' m is open by jGro66l Thm. 12.2.4.iii)]. Let 
/ : X —> X be the blowup of X in S. For any p £ S, let E p C X be the 
exceptional divisor over p , and let E = E p be the total exceptional divisor. 
If H mi is very ample for each i, then a general curve C £ |i7 mi D ■ ■ ■ D H mn _ 1 \ 
is smooth by Bertini’s theorem. By an intersection number computation, 

H mi • • • E mn _ x • E p = (-1 ) n ~ l E; = 1 for all p £ S. 

This means that C intersects each divisor E p transversally in a single point. 
It follows that C maps isomorphically onto its image C = f(C ) C X , which 
is therefore smooth. Under the isomorphism 

P H°(X,H m )^Sm 

the curve C corresponds to a point s £ U m with ^(s) = C, showing that 
U' m 3 s is nonempty. □ 


4. Q- TWISTED VECTOR BUNDLES 

We will use the formalism of Q-twisted vector bundles as presented in 
|Laz04b[ Sec. 6.2]. For the reader’s convenience, we recall here the notation 
and the most important facts. 

Definition 4.1 (Q-twisted bundles). A Q-twisted vector bundle S'(5) on a 
variety X is an ordered pair (S,S), where S is a vector bundle on X and 
5 £ A rl (X)Q is a numerical equivalence class. The pullback of S{5) by a 
morphism f:Y -3 X is defined as 

f*(S(5)) := (f*S){f*6). 

Definition 4.2 (Normalized bundles). Let S be a vector bundle of rank r 
on X. The normalized bundle S noim is defined to be the Q-twisted bundle 

florin : = f c l {S’))- 

It is clear that normalization commutes with pullback, i.e. for arbitrary 
morphisms f:Y -A X we have 

orm) = (f*S) norm . 

Definition 4.3 (Nef bundles). Assume that X is projective. A Q-twisted 
bundle S (6) is said to be nef if 

^ + tt*8£N\F(S)) q 

is nef, where 7 r: P (S) —> X is the bundle map. 

Lemma 4.4 (Nefness and pullbacks). Let f : Y -3 X be a surjective mor¬ 
phism of projective varieties. Then a Q-twisted bundle S(8) on X is nef if 
and only if f*(S(5)) is nef. 
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Proof. Consider the commutative diagram 


P {f*S) 


■Ky 


Y 


■F(S) 


1T X 


X. 


Clearly + iry(f*5) = g*(fg + vr^d). Hence the statement reduces to the 
case of line bundles, where it is well-known [Laz04al Ex. 1.4.4]. □ 

Proposition 4.5 (Criterion for semistability). Let C be a smooth projective 
curve. Then a vector bundle S on C is semistable if and only if S norm is 
nef. 

Proof. See ]Laz04bl , Prp. 6.4.11], □ 

Remark 4.6. It would be interesting to have a similar numerical criterion 
for stability. However, it seems that no such criterion can exist. Consider 
for simplicity the case of a semistable rank two, degree zero vector bundle 
S on the curve C. In this case, S norm = S and n: X = P (S) —> C is a ruled 
surface. It is easy to see (cf. [Laz04al Sec. 1.5.A]) that S is stable if and 
only if 

H°(X, L) = 0 for all L € Pic(X) with Cl (L) = fc. 

This is clearly not a numerical condition. To be more precise, whether S is 
stable or not, in the Neron-Severi space of X we have 

Nef(X) = NE(X) = M-° • + M^° • /. 

Here / is the class of a fibre of it. Hence the cases S strictly semistable 
(i.e. semistable but not stable) and S stable are indistinguishable from a 
numerical point of view. 


5. Semistability of pullbacks 

We consider the setup from Theorem 11.11 Let /: X —>• X be the blowup 
of X in S. For any p £ S, let E p C X be the exceptional divisor over p, 
and let E = E p be the total exceptional divisor. For brevity, we denote 
f*H — eE by H s . The aim of the present section is to establish the following 
property. 

Proposition 5.1 (Semistability of pullbacks). For 0 < e < 1, the divisor 
H £ is ample and the sheaf f*S is H £ -semistable. 

The analogue of Proposition 15.11 for stability will serve as the start of 
induction in the proof. 

Proposition 5.2 (Stability of pullbacks). If S is H-stable, then for 0 < 
£<Cl the divisor H e is ample and the sheaf f*S is H £ -stable. 

Remark 5.3. If we assume X to be Q-factorial, Proposition 15.21 follows im¬ 
mediately from |GKP15l Thm. 3.3]. However, from the point of view of 
Theorem 11.11 a Q-factoriality assumption seems quite unnatural. 
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5.A. Suprema of slopes of subsheaves. In the proof of Proposition 15.21 
we need to consider the following quantity associated to a torsion-free sheaf. 

Definition 5.4 (Supremum of slopes of strict subsheaves). Let S be a 
nonzero torsion-free sheaf on the normal projective variety X, and let H be 
a semiample divisor on X. We define 

/^max,sc (g,) SU p|^^j | X C S a subsheaf with 0 < x\lX < rkS}. 

Proposition 5.5 (Supremum is attained). The supremum in Definition \5.4\ 
is in fact a maximum. In particular, we have p™ x ' sc (S) < oo, and if S’ is 
H-stable, then p™ x ’ sc (S) < pn(S). 

Proof. By Serre vanishing, for some sufficiently ample line bundle 2z? the 
sheaf S* ( g> 2 z? is globally generated, i.e. it is a quotient of a free sheaf 
Twisting by Jz?* and dualizing, we see that the double dual S** can be 
embedded into the direct sum 2 z?® m . As S is torsion-free, the natural map 
S —>■ S** is injective and hence also S itself is embedded in 2z?® m . It follows 
that the set of slopes in question is bounded above. Being contained in the 
set • Z, it does not have an accumulation point in R. Thus it has a 

maximum. □ 


5.B. Auxiliary lemmas. We switch back to the notation introduced at 
the beginning of this section. The following two lemmas will be used later. 


Lemma 5.6 (Weak semistability of pullbacks). Let LX be a torsion-free 
sheaf on X which is locally free at each p £ S. If IX is H-semistable (resp., 
H-stable), then f*LX is f*H-semistable (resp., f*H-stable). 


Proof. We only deal with the semistable case, as the stable case is similar. 
It is clear that f*X is a torsion-free sheaf on X with pLf* H (f*X) = p H (X). 
Let C f*IX be any nonzero subsheaf. Pushing down, we get an inclusion 
fXS C f*f*X = X. Hence p H {f*&) < Ph{X). But pf* H (&) = PH{f*&), 
SO < Pf*H{f*X). □ 


Lemma 5.7 (Extensions of semistable sheaves). Let 
0 —> X' —> X — >X" —> 0 


be a short exact sequence of torsion-free sheaves on X. If X' and X" are 
H-semistable of the same slope fi, then also X is H-semistable of slope p. 

Proof. It is easily verified that /j,h(X) = fj,. Proceeding by contradiction, 
assume that X is not iL-semistable, and let 0 ^ LI C X be the maximally 
destabilizing subsheaf |HL97l Def. 1.3.6]. Then is H-semistable of slope 
p, h(&) > p. By [JHL97, Prp. 1.2.7], the induced map & -4 X" is zero. Hence 
X factors through a map —>• X 1 , which is zero for the same reason. 

It follows that = 0, a contradiction. □ 
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5.C. Proof of Proposition [5721 Replacing E by a sufficiently small posi¬ 
tive multiple, we may assume that f*H — E is ample. We denote the slope 
with respect to H e = f*H — zE by g £ . 

Lemma 5.8 (Dependence of slopes on perturbation). For any torsion-free 
sheaf FF on X, there is a constant C = C(^) such that 

Ve(&) = Fo {&) + C-z n ~\ 

If FF is free in a neighborhood of E, then C(^) = 0. 

Proof. Let g : Y —> X be a resolution of singularities, and let Dy be the 
strict transform of a Weil divisor D representing ci(j^). Then, noting that 
f*H ■ E = 0, we calculate 

ci(J^) • H™- 1 = Dy ■ g*H?- 1 

= Dy ■ g*f*H n ~ l + e n_1 • Dy • (- g*E) n ~ 1 . 

The first claim follows. If LX is free in a neighborhood of E, then D can be 
chosen disjoint from E , whence Dy • (— g*E) n ~ l =0. □ 

Now consider the function 

$(e) := pL^ sc {f*S) + z n ~ l • (g™ ax ’ sc (f* S ) - g™ ax ’ sc (f*S )). 

We have <3?(0) = /z“ mx ' sc (f*S) < /J-o(f*S ) by Lemma [OH and Proposition [53J 
By continuity, there exists Zo > 0 such that <h(e) < g £ (f*S) for any 0 < 
z < Zq. We claim that for any subsheaf LX C f*S with 0 < rkJ^ - < rk S, we 
have g £ {lX) < 3>(e) for 0 < e < 1. This implies that f*S is ff £ -stable for 
z < Zq. Note that 


= «&(0) and 

<Mr x,sc (r^) = $(!)• 

The claim is thus a consequence of Lemma [5.81 and the following elementary 
assertion. □ 

Lemma 5.9. Let f,g be two real polynomials of the form oo + akX k , for the 
same k > 1. If /(0) < g( 0) and /(1) < g( 1), then f < g on the interval 
[0,1]- 

Proof. It suffices to show that if h = bo + bkX k is a polynomial of the above 
form, then h( 0) < 0 and h( 1) < 0 imply h < 0 on [0,1]. If h{x) > 0 for some 
x £ (0,1), then /i|[o,il attains its maximum at some xq £ (0,1), and then 
h'(x o) = kbkX q _1 = 0. Thus bk = 0, i.e. h is constant and the assertion is 
clear. □ 
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5.D. Proof of Proposition 15.11 The proof proceeds by induction on the 
length t of a Jordan-Holder filtration of £ with respect to the polarization 
H. If t = 1, i.e. if £ is //-stable, then by Proposition 15.21 for 0 < e <C 1 the 
sheaf f*£ is // £ -stable, in particular /L-semistable. 

So let £ > 1, and assume that the claim has already been shown for 
sheaves admitting a Jordan-Holder filtration of length at most i — 1. Let 

(5.10) 0 = £ 0 C £\ C ■ ■ • C £(. = £ 

be a Jordan-Holder filtration of £. This gives rise to a short exact sequence 

(5.11) 0— >£! — >£ ——>0. 

Claim 5.12. The following properties hold true. 

(5.12.1) £\ is torsion-free and //-stable of slope p := pu{£)- 

(5.12.2) <£ is torsion-free and //-semistable of slope / 1 . 

(5.12.3) has a Jordan-Holder filtration of length exactly / — 1. 

(5.12.4) £\, (£ and gv H {^) are locally free at each p G S. 

In particular, we may apply the inductive hypothesis to £\ and to 

Proof. Claim (|5.12I1D and the first part of (15.12121) are immediate from the 
definition of a Jordan-Holder filtration. The filtration (15.101) induces a 
Jordan-Holder filtration {£i/£i}\<i<e of <£ which exhibits as a successive 
extension of //-stable sheaves of slope p, hence is //-semistable of slope 
p by Lemma 15.71 As the filtration {£i/£\} has length t — 1, Claim (|5.12I3D 
is obvious. Finally, we have 

gi H {£) = gi H {^)®£i 

by definition, so local freeness of gr H (£) at p G S implies that the two 
summands on the right-hand side enjoy the same property. As already 
mentioned in Remark 11.31 the sheaf is locally free wherever gi H {f$) is 
locally free. □ 

Pulling back sequence (I5.11j) to A, we obtain 

(5.13) 0 —^ f *£l —> f*£ —► f*<S —> 0. 

By Lemma 15.61 the sheaves f*S\ and f*& are /*//-semistable. Hence by 
the inductive assumption, they are also // £ -semistable for sufficiently small 
e > 0. Furthermore, as £\ is locally free at each p £ S, we have 

= PH(£l) = V 

by Lemma [5781 By the same reasoning, p £ (f*W) = p. Sequence (15.131) thus 
exhibits f*£ as an extension of H e -semistable sheaves of the same slope. 
By Lemma 15.71 we obtain that f*£ itself is /Z £ -semistable, which was to be 
shown. □ 
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6. Semistability in families 

Let /: X —> B be a flat projective morphism with connected fibres such 
that the general fibre is a smooth curve. Let S’{5) be a Q-twisted vector 
bundle on X. For t £ B, we set Xt := / _1 (t) and we let S(5)t be the 
restriction of S'{5) to Xt. In this section, we prove the following result. 

Proposition 6.1 (Semistability in families). Assume that for some to £ B, 
the fibre X to is reduced and irreducible with normalization v : X to —» X to , 
and that i/*(St 0 ) is semistable. Then the bundle St is semistable for general 
t £ B. 

Lemma 6.2 (Weak openness of nefness). Assume that for some to £ B, the 
restriction S(5)t 0 is nef. Then S(6)t is nef for very general t £ B, i.e. for t 
outside a countable union (J Bi of proper subvarieties Bi C B. 

Proof. Consider the projectivized bundle ir: P x(S) — > X , and let h = f on: 
P x(S) —> B be the induced map. For any t £ B, the bundle S(5)t is nef if 
and only if (fg + Tr*S)\ h -iu\ is nef. Thus the statement reduces to the case 
of line bundles, which is }Laz04al Prp. 1.4.14]. □ 

Remark 6.3. It is not known whether the locus of fibres where a given line 
bundle fails to be nef can really be an infinite union of subvarieties not 
contained in each other. Moriwaki |Mor92l Exm. 7] gave an example of 
such behavior in characteristic p > 0. Lesieutre ILeslll Thm. 1.2] showed 
that this is also possible over the complex numbers if one allows M-divisors 
instead of line bundles. 

Over a countable field of positive characteristic, it may happen that a 
line bundle is nef over the generic geometric point, but not nef over any 
closed geometric point }Lanl3l Exm. 5.3]. By |Lanl51 Sec. 8], the same 
phenomenon can also occur in mixed characteristic, e.g. over SpecZ[l/IV]. 

Proof of Provosition \6.1\ Since n*S to is semistable, (v*St 0 ) noTm is nef by 
Proposition 14.51 But 

K^ 0 )norm = ^ ((^norm)t 0 ) , 

hence by Lemma 14.4[ also (S nmm )t 0 * s ne f- By Proposition 16.21 (S norm )t = 
(S t )norm is nef for very general t £ B. Choose such a t\ £ B where addition¬ 
ally Xtj is a smooth curve. Then S^ is semistable by Proposition 14.51 again. 
The set {t £ B | St is semistable} is open [HL971 Prp. 2.3.1], so the claim 
follows. □ 


7. Proof of Theorem 11.11 

Let /: X —> X be the blowup of X in S. As before, for any point p £ S 
let E p C X be the exceptional divisor over p, and let E = E p be the total 
exceptional divisor. By [ Har77[ Ch. II, Ex. 7.14.b)] and Proposition 15.11 for 
a sufficiently large integer m 0 the divisor H m := f*(mH ) — E is very 
ample on X and f*S is 77 m -semistable. By Flenner’s Mehta-Ramanathan 
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theorem [Fle84l Thm. 1.2], for k G N sufficiently large the sheaf f*S |g is 
semistable, where 

C = H 1 r H t €\kH m \, 

is a general complete intersection curve. The image curve C = f(C ) is then 
a (singular) curve arising as a complete intersection of divisors in krriH \. 

The curve C meets, but is not contained in, each of the divisors E p . By 
codimension reasons it misses the singular locus of X and the locus where 
f*$ is not locally free. Hence C passes through S and is contained in the set 
X° defined in Section [3l Using notation from that Section, we thus obtain 
a point s € U m with q^(s) = C, where m = (km ,..., km). The map f\g: 

C —^ C is the normalization of C, and (f\Q)*(S’\c) = is semistable. 

Note that by Proposition 13.1121 the set U' m is nonempty, i.e. the general 
member of the family of curves qm(U m ) —>• U m is smooth. Theorem 11.11 
now follows by applying Proposition 16.11 to the family (/ m ’ (U m ) —>• U m and 
the sheaf on q^iUm). 

8. Proof of Corollary 11.21 

Consider the Harder-Narasimhan (HN) filtration of with respect to 
the polarization H, 

(8.1) 0 = JoC^iC-"C# r = 3~x- 

The defining property of the HN filtration is that the quotients = 

1 are torsion-free and if-semistable, and nu(&i) > k-H^i+i) for 
all indices i. For existence and uniqueness of the HN filtration, see [HL971 
Thm. 1.3.4]. 

As gr H (,Xx) = 0jgr^(^j), local freeness of gr H (.Xx) at each p G S im¬ 
plies the same property for each gi H (J3i). Hence we may apply Theorem ll.il 
to each of the finitely many sheaves We obtain numbers ko, m £ N such 
that if k > ko and 

C = Hi Fl ■ ■ ■ n H n _i, Hi € \kmH\, 

is a general complete intersection curve passing through S, then C is smooth, 
contained in X reg , and each J3i\c is semistable. We will show that this 
implies nefness of ending the proof. 

Arguing by contradiction, suppose that kl l x \c is not nef. Then there is a 
locally free quotient C -» of negative degree jiLaz04b . Thm. 6.4.15]. 
Dualizing, we get a subbundle & C S?x\c of positive degree. In particular, 
the first term °f the HN filtration 

0 = ^c^fc-c^f = &x\c 

of 2Fx\ C has positive degree. Now note that by semistability of the J2i\c, 
the restriction {^i\c} of filtration (18.ip to C has semistable quotients with 
strictly decreasing slopes. Hence {J^)|c} is the HN filtration of 2?x\c-, he. r = 
s and &i\ c = for all 0 < i < r. So the subsheaf C 2?x satisfies 
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K+921 Thm. 9.0.2], X is 


ci(Jfi) • H n 1 = (km) ^degJ^-p > 0. By 

uniruled, leading to the desired contradiction. 
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